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Unravelling the On-shell Constraints of Self-dual Supergravity Theories
Ch. Devchand∗ and V. Ogievetsky
Joint Institute for Nuclear Research, 141980 Dubna, Russia
We review a construction, using the harmonic space method, of solutions to the superfield equations of motion
for N-extended self-dual supergravity theories. A superspace gauge condition suitable for the performance of a
component analysis is discussed.
There has recently been some interest in self-
dual supergravity theories in the context of string
theory. Specifically, in the context of the string
with local N = 2 world-sheet supersymmetry,
which was already recognised by its discoverers
[1] as having a finite spectrum and therefore just
a fancy way of writing down a field theory. Al-
though this string theory, with critical dimension
2 + 2, has been around since the mid-70’s, it was
only about five years ago that Ooguri and Vafa [2]
appreciated that they contained Yang-Mills and
gravity and not just scalars. Siegel [3] then sug-
gested that the field theories which closed N =2
strings (and their heterotic versions) describe are
actually supersymmetrisations of the self-duality
conditions for the Riemann tensor. This talk is
however not about these string theories (recent
progress was described at this symposium by O.
Lechtenfeld), but about the equations of motion
of self-dual supergravity theories, which are inter-
esting in their own right [4]. In particular, these
equations are a very convenient way of describing
hyperka¨hler spaces with (extended) Poincare´ su-
persymmetry. They are also a further large class
of 4 dimensional models which are to some extent
exactly soluble.
To establish notation, let us start with the stan-
dard N = 0 (non-supersymmetric) self-duality
equations [5,6]. In 2-spinor notation, which we
shall use, the covariant derivative with respect to
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a vierbein takes the form
∇αα˙ = E
µµ˙
αα˙∂µµ˙ + ωαα˙ , (1)
where µ, µ˙ are world and α, α˙ are tangent-space
indices. The connection ωαα˙ takes values in the
algebra of tangent-space rotations. For general-
ity this can be taken to be sl(2, C) × sl(2, C).
Appropriate hemiticity conditions for either the
Euclidean (4,0) or Kleinian (2,2) signatures can
be imposed. In the absence of torsion,
∇αα˙E
µµ˙
ββ˙
−∇ββ˙E
µµ˙
αα˙ = 0 (2)
and the components of the connection ωαα˙ are
completely determined in terms of the vierbein
and its inverse Eαα˙µµ˙ ; E
µµ˙
αα˙E
ββ˙
µµ˙ = δ
β
αδ
β˙
α˙, e.g. the
components in the dotted sl(2) are
(ωαα˙)
δ˙
β˙
= −ǫαβE
βδ˙
µµ˙∂
γ
(α˙E
µµ˙
γβ˙)
−
1
3
ǫα˙β˙E
βδ˙
µµ˙∂
γ˙
(αE
µµ˙
β)γ˙ .(3)
The components of the Riemann tensor are given
by the commutator
[Dαα˙ , Dββ˙ ] = ǫα˙β˙Rαβ + ǫαβRα˙β˙ , (4)
where the decomposition in the basis {Γαβ ,Γα˙β˙}
of the tangent space algebra reveals the irre-
ducible components of the Riemann tensor
Rαβ ≡ C(αβγδ)Γ
γδ +R(αβ)(γ˙δ˙)Γ
γ˙δ˙ +
1
6
RΓαβ ,
Rα˙β˙ ≡ C(α˙β˙γ˙δ˙)Γ
γ˙δ˙ +R(γδ)(α˙β˙)Γ
γδ +
1
6
RΓα˙β˙ ,
where C(α˙β˙γ˙δ˙)(C(αβγδ)) are the (anti-) self-dual
parts of the Weyl tensor, R(αβ)(γ˙δ˙) are the com-
ponents of the tracefree Ricci tensor, R is the
2scalar curvature. In this notation self-duality of
the Riemann tensor takes the form
Rα˙β˙ = 0 , (5)
which may equally be written in the fashion of
the commutation relation
[Dαα˙ , Dββ˙ ] = ǫα˙β˙Rαβ , (6)
where Rαβ = CαβγδΓ
γδ, since the above decom-
position clearly shows that (5) is tantamount to
the vanishing of the Ricci tensor and the self-
duality of the Weyl tensor. Since the curvature
takes values in only one of the two sl(2) factors
of the tangent space algebra, the connection may
also be chosen to have the basis {Γγδ}; the com-
ponents in the dotted sl(2), i.e. (3), being mani-
festly gauge-artefacts. In fact the condition
(ωαα˙)
β˙
γ˙ = 0 (7)
is a first-order equation for the vierbein which
implies that the connection has self-dual curva-
ture. Modulo gauge transformations, it is clearly
equivalent to the condition (5)[7]. This makes
manifest the equivalence between the hyperka¨hler
restriction of the holonomy group to sl(2) and
self-duality of the Riemann tensor. In the self-
dual gauge (7) the conditions (6) are therefore not
dynamical equations for the connection. The dy-
namics is in fact described entirely by the differen-
tial part of (5), i.e. by the zero torsion constraint
for the vierbein (2). Self-duality is guaranteed by
the fact that the tangent algebra (now just sl(2))
does not act on dotted indices, the second sl(2)
(with generators {Γγ˙δ˙}) now acting only globally.
There is now no distinction between dotted world
and tangent-space indices. Once (6) has been
solved for the vierbein Eµµ˙αα˙, the self-dual metric
is obtained immediately from its inverse
ds2 = ǫαβǫβ˙δ˙E
αβ˙
µα˙E
βδ˙
νγ˙dx
µα˙dxνγ˙ . (8)
The remarkable thing about self-dual theo-
ries is that supersymmetrisation is not dependent
on the number of independent supersymmetries.
Equations (6) can be supersymmetrised in a uni-
form fashion for any extension N, merely by re-
placing the undotted sl(2) indices by osp(N |2)
indices corresponding to the local tangent-space
of chiral superspace with coordinates zMα˙ =
{xµα˙, ϑ¯mα˙}. Thus the supertorsion constraints,
[∇Bβ˙ ,∇Aα˙} = ǫα˙β˙RAB (9)
encapsulate the dynamical equations for N-
extended self-dual supergravity [3]. The chiral
superspace covariant derivative is given in terms
of a supervierbein and a superconnection depend-
ing on the chiral superspace coordinates zMα˙,
∇Aα˙ = E
Mβ˙
Aα˙ ∂Mβ˙ + (ωAα˙)BCΓ
BC , (10)
where ΓBC are osp(N |2) generators and ∂Mβ˙ =
{∂µβ˙ , ∂mβ˙ =
∂
∂ϑ¯mβ˙
}.Note that unlike ordinary su-
pergravities, for self-dual supergravities a super-
group can be consistently gauged [3]. It is almost
incredible that this remarkably simple generali-
sation of (6) actually yields consistent equations.
One ramification is that the standard twistor
transform [8] for self-dual gravity may also be
generalised in a simple fashion to these super-
extensions. An analytically convenient variant of
this transform uses harmonic spaces [9]. It can
be described in an N-independent manner, hold-
ing therefore for the N=0 case too. Our toolbox
for solving the differential equations (9) for the
supervierbein consists of harmonics, i.e. a pair of
constant spinors u+α˙, u−α˙ satisfying the pairing
condition ǫα˙β˙u
+α˙u−β˙ = 1 and the equivalence re-
lation u±α˙ = e±Γu±α˙, Γ ∈ IC, which basically
says that the ± indices on the u’s denote a U(1)
charge. In this auxiliary space with coordinates
u±, the differential operators
∂±± = u±α˙
∂
∂u∓α˙
, ∂0 = u+α˙
∂
∂u+α˙
− u−α˙
∂
∂u−α˙
realise the sl(2) algebra.
Using these harmonics, we can define linear
combinations of the covariant derivatives (10)
∇±A = u
±α˙∇Aα˙ = u
±α˙E
Mβ˙
Aα˙
∂
∂zMβ˙
+ ω±A , (11)
in terms of which the self-duality equations (9)
are equivalent to the following system of equa-
tions in the total space with independent vari-
3ables {z±M , u±β˙}:
[∇+A,∇
+
B ] = 0
[D++,∇+A] = 0
[∇+A,∇
−
B ] = 0 (modulo RAB)
[D++,∇−A] = ∇
+
A,
(12)
together with consequences. The equivalence (9)
⇔ (12) can be proven in the ‘central’ coordi-
nate basis zM± → zM±c = z
Mα˙u±α˙ , in which
D++ → ∂++. The proof uses the fact that the
equation ∂++l+ = 0 implies linearity of l+ in
u+; all connections in (12) being defined glob-
ally on the harmonic two-sphere. Clearly, the
harmonics are useful in making flat superplanes
manifest. Now, these are covariant equations in
the enlarged total space of z and u variables,
and this system has enhanced invariances: u-
dependent transformations now being allowed.
In particular, since the D+A ’s commute amongst
themselves, by Frobenius’ theorem, we may per-
form a u-dependent coordinate transformation
zMα˙ → zM±h (z
Mα˙u±α˙ , u
±α˙) to a coordinate sys-
tem in which D+A →
∂
∂z
A−
h
, the flat partial deriva-
tive. Such a transformation also requires a tan-
gent transformation to a frame which preserves
this flatness, i.e. a frame in which the connection
ω+A is gauged to zero, ω
+
A → ϕ
−1(ω+A + ∂
+
A)ϕ = 0.
In such a Frobenius coordinate system the first
equation in (12) becomes trivial and there is no
distinction between world and tangent indices.
However, ∂++ → D++, no longer a flat deriva-
tive,
D++ = ∂++ + (∂++zM+h )
∂
∂zM+h
+(∂++zM−h )
∂
∂zM−h
+ ϕ−1∂++ϕ
and the problem actually reduces to solving the
remaining equations in (12) for the vielbeins and
connection of D++,
H++M+ := ∂++zM+h
H++M− := ∂++zM−h − z
M−
h
ω++ := ϕ−1∂++ϕ .
(13)
These remaining equations, however, are com-
pletely soluble in terms of an arbitrary holomor-
phic prepotential, the following expressions pro-
viding their general solution:
H++M+ = ǫMN∂−NL
+4
H++M− = ǫMNzPh ∂
−
P ∂
−
NL
+4
(ω++)MP = ǫ
MN∂−P ∂
−
NL
+4.
(14)
Here ǫMN = (ǫµν , ηmn) is the graded-skew-
symmetric osp(N |2) invariant and L+4 =
L+4(z+h , u
±) is an arbitrary holomorphic (inde-
pendent of the z−h coordinates) prepotential. In
fact, in every gauge-equivalence class of L+4’s
there is always one which has no explicit u+-
dependence, so we may think of L+4(z+h , u
−) as
a parametrisation of self-dual metrics: To every
such L+4 corresponds a self-dual metric. This of
course says nothing about regularity of the solu-
tion or boundary conditions (such as asymptotic
flatness, which is often of interest). These are sep-
arate questions. In the N = 0 (ϑ¯-independent)
case, L+4 is also the appropriate potential in
the supersymmetric action for N = 2 D = 4
σ-models having the corresponding hyperka¨hler
target manifold [10].
Having solved the equations (9) in one coor-
dinate system in this larger space, we of course
need to return to the original (‘central’) coordi-
nates of flat ∂++ derivatives in order to explicitly
construct the metric corresponding to any given
L+4. So we need to perform the reverse coordi-
nate transformation, D++ → ∂++. To do this,
comparing the solution (14) with the definitions
(13), we clearly need to solve the following system
of first-order equations for any specified choice of
L+4:
∂++zM+h = ǫ
MN∂−NL
+4
∂++zM−h = z
M+
h + ǫ
MNzP−h ∂
−
P ∂
−
NL
+4
∂++ϕMA = ϕ
P
Aǫ
MN∂−P ∂
−
NL
+4.
(15)
Once the explicit solutions are known,
zM±h = z
M±
h (z
M±
c , u
±)
ϕ = ϕ(zM±c , u
±),
(16)
where the ‘central’ coordinates zM±c = z
Mα˙u±α˙
are boundary values of zM±h satisfying
∂++zM+c = 0, ∂
++zM−c = z
M+
c , the required
4inversion is straightforward in terms of the ma-
trix of partial derivatives
ZMN :=
∂zM−c
∂zN−h
. (17)
The explicit supervierbein is constructed by mul-
tiplying this by ϕ on the left, for the product ϕ·Z
is by construction proportional to u+α˙u−
β˙
, with
coefficient being precisely the required supervier-
bein independent of the u’s :
ϕNAZ
M
N = u
+α˙u−
β˙
E
Mβ˙
Aα˙ . (18)
Equations (15) are highly non-linear equations.
They however do allow explicit solution for large
classes of L+4. An explicit illustration of this pro-
cedure may be found in [4,5], where some simple
examples are constructed. The well-known eu-
clidean Taub-NUT solution, for instance, corre-
sponds to the prepotential (x1+h x
2+
h )
2. Further
examples, including the Atiyah-Hitchin metric,
which corresponds to L+4 = (x1+h )
4 + (x2+h )
4,
are currently under investigation in collaboration
with S. Shnider and J. Schiff.
Now, the explicit solubility of the equations
(9) raises an important question. For just as
harmonic space is an auxiliary space in which
the entire content of these theories is encoded in
free holomorphic data and we need to have the
above decoding procedure to obtain the super-
vierbein, superspace in turn is also basically an
auxiliary space in which supercovariance is mani-
fest. The equations (9) actually describe not only
a graviton with self-dual Riemann tensor, but
also a gravitino satisfying the Rarita–Schwinger
equation, a Yang-Mills field satisfying the Yang-
Mills self-duality equation, a spin half field sat-
isfying the Weyl equation and scalar fields sat-
isfying the covariant d’Alembert equation (and
for higher N there are further fields satisfying ap-
propriate first-order equations). All these fields
are not free, but are coupled rather non-trivially
with each other. That all this fits into the neat–
looking set of super curvature constraints (9) is
rather remarkable. However, it also means that
the mapping from the set of component fields sat-
isfying these various field equations to the super-
vierbein satisfying (9) is rather nontrivial and we
need to ensure that it is a 1–1 mapping. What
this means is that we must be able to system-
atically unravel a unique set of component solu-
tions in x-space from any explicit supervierbein
in superspace satisfying (9); and conversely, given
any set of fields satisfying the component equa-
tions, there must exist a unique supervierbein sat-
isfying the constraints (9). A very efficient pro-
cedure for thus decoding the component content
of supervierbeins uses a generalisation of a tech-
nique developed for super Yang-Mills theories in
[11]. The crucial idea is an appropriate choice of
gauge. When we have a description in terms of
superfields, supercovariance is manifest since the
local parameters of diffeomorphisms and tangent
superrotations depend on superspace coordinates
x and ϑ¯. Now, in order to perform component ex-
pansions, we need to choose a gauge which allows
us to treat the ϑ¯’s as expansion parameters rather
than independent variables. A gauge which does
this, which eliminates all ϑ¯-dependence of diffeo-
morphism and gauge transformation parameters,
without however tampering with the standard x-
dependent invariances of the component theory,
is the condition that the Euler operator which
measures the degree of homogeneity in the odd
variables is equal to its covariant version, i.e.
D ≡ ϑ¯mβ˙
∂
∂ϑ¯mβ˙
= ϑ¯mβ˙∇mβ˙ = ϑ¯
mβ˙E
Aγ˙
mβ˙
∇Aγ˙ .(19)
This is tantamount to the following conditions for
the components of the supervierbein and super-
connection:
ϑ¯mβ˙E
gγ˙
mβ˙
= 0
ϑ¯mβ˙ωmβ˙ = 0
E
kγ˙
mβ˙
= δkmδ
γ˙
β˙
+ Eγα˙
mβ˙
F
kγ˙
γα˙ ,
(20)
for some F kγ˙γα˙ . In this gauge the constraints yield
the following action of the Euler operator D on
the supervierbein components:
DEBγ˙
νβ˙
= ǫBAϑ¯kγ˙(ωνβ˙)kA
(1 +D)EBγ˙
nβ˙
− δBn δ
γ˙
β˙
= −ǫBAϑ¯kγ˙(ωnβ˙)kA
D(ωνβ˙)AB = ϑ¯
m
β˙
RmνAB
(1 +D)(ωnβ˙)AB = ϑ¯
m
β˙
RmnAB .
(21)
5Now, since the right-hand sides explicitly contain
the odd coordinate linearly, in a ϑ¯-expansion the
k-th order terms on the left-hand sides are given
by the (k−1)-th order terms of the superfield ex-
pressions multiplying ϑ¯ on the right-hand sides.
These relations therefore recursively define the
superfields from their leading components; and
they do so in a unique manner. By repeated
application of these relations, the leading com-
ponents may be seen to determine the entire ϑ¯-
expansion of the superfields. The leading com-
ponents of some of the supercurvatures on the
right-hand side of (9) may thus be seen to be the
fields themselves rather than field-strengths. For
instance, the dimension − 12 supercurvature leads
with the spin 12 field,
Rmνni = λν[mni] + . . . (22)
and the dimension 0 curvature contains a string
of component fields of higher and higher spin (de-
pending on the value of the extension N of super-
space) leading with the scalar field,
Rmnil = ϕmnil + ϑ¯
pα˙χα˙pmnil
+
1
2
ϑ¯pα˙ϑ¯qβ˙gα˙β˙pqmnil
+
1
6
ϑ¯pα˙ϑ¯qβ˙ ϑ¯rγ˙hα˙β˙γ˙qprmnil
+
1
24
ϑ¯pα˙ϑ¯qβ˙ ϑ¯rγ˙ϑ¯sδ˙Cα˙β˙γ˙δ˙pqrsmnil + . . .
The supervierbein therefore leads, in a ϑ¯-
expansion thus:
EAα˙
Nβ˙
=(
eαα˙
νβ˙
+ . . . ψiα˙
νβ˙
+ ηikϑ¯mα˙Aνβ˙km + ..
ϑ¯iα˙ϑ¯m
β˙
λαmni + .. δ
i
nδ
α˙
β˙
− ϑ¯jα˙ϑ¯mβ˙ηikϕijkn + ..
)
where e is the self-dual vierbein (graviton), ψ is
the self-dual spin 32 gravitino, A is the self-dual
vector potential, λ is a spin 12 field and ϕ is the
scalar field. All further fields in the supermulti-
plet occur at higher orders in the lower right-hand
corner; and they all have a unique position in this
ϑ¯-expansion. In fact, as for self-dual Yang-Mills
theories [12], consistency does not seem to require
any limit on the value of the extension N and (9)
thus yields consistent component equations for
fields of arbitrarily high spin. A detailed anal-
ysis is currently under way and will be reported
on shortly.
REFERENCES
1. M. Ademollo et al, Nucl. Phys. B111 (1976)
77; ibid. B114 (1976) 297.
2. H. Ooguri and C. Vafa, Nucl. Phys. B361
(1991) 469.
3. W. Siegel, Phys. Rev. D47 (1993) 2504.
4. C. Devchand and V. Ogievetsky, Nucl. Phys.
B444 (1995) 381.
5. C. Devchand and V. Ogievetsky, Self-dual
gravity revisited, hep-th/9409160.
6. A. Galperin, E. Ivanov, V. Ogievetsky, E.
Sokatchev, Ann.Phys.(N.Y.) 185 (1988) 22.
7. T. Eguchi and A. Hanson, Ann. Phys. (N.Y.)
120 (1979) 82.
8. R. Penrose, Gen. Rel. Grav. 7 (1976) 31; R.
Penrose and R.S. Ward, in General Relativity
and Gravitation, (Ed. A. Held), Plenum, New
York, vol. 2, pp. 283–328.
9. A. Galperin, E. Ivanov, S. Kalitzin, V.
Ogievetsky, E. Sokatchev, Class. Quant.
Grav. 1 (1984) 469.
10. J. Bagger, A. Galperin, E. Ivanov, V.
Ogievetsky, Nucl. Phys. B303 (1988) 522.
11. J. Harnad, J. Hurtubise, M. Legare´, S.
Shnider, Nucl. Phys. B256 (1985) 609; see
also S. Shnider and R.O. Wells, Superman-
ifolds, super twistor spaces and super Yang-
Mills fields, Les Presses de l’Universite´ de
Montreal, 1989.
12. C. Devchand and V. Ogievetsky, Conserved
currents for unconventional supersymmet-
ric couplings of self-dual gauge fields, hep-
th/9510235.
